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The decay constant for the vector state of 3S-level in the heavy (b¯c)-quarkonium is evaluated
in the framework of sum rules for the mesonic currents. A scaling relation for the constants of
vector quarkonia with different quark contents is derived. The numerical estime gives Γ(B∗+c (3S)→
B+D0) = 90± 35 MeV.
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I. INTRODUCTION
The experimental search for the B+c meson in the facilities with the vertex detectors (OPAL [1],
ALEPH [2], DELPHI [3] and CDF [4]) stimulated the theoretical studies on the spectroscopy of the
heavy (b¯c)-quarkonium [5], mechanisms of its production in different interactions [6] and on estimates
of different decay widths for the both basic state [7] and excited levels [5,8]. The feature of the (b¯c)-
system is the absense of the annihilation decay modes caused by the strong or electromagnetic
interactions. So, the basic pseudoscalar B+c state decays due to the weak interaction, and it is the
long-lived particle, τ (B+c ) = 0.55 ± 0.15 ps [7,9]. The excited (b¯c)-quarkonium levels lying below
the threshold of the decay to the heavy meson BD pair, radiatively transform into the (b¯c)-states
with the smaller masses. The B∗+c (3S) state is above the BD thershold, so its decay is analogous
to Υ(4S) → B+B−. The constant of the latter decay was considered in ref. [10] in the framework
of the sum rules for the mesonic currents.
In this work we consider the g constant for the decay of the vector quarkonium, generally contain-
ing the quarks of different flavors, say, (b¯c) for the definite notations. This heavy quarkonium with
the mass M , satisfying the condition mB + mD < M < mB∗ + mD∗ , decays to the heavy meson
pair B+D0. We derive the scaling relation
g2
M
(
4µBD
M
)
= const. ,
where µBD = mBmD/(mB+mD) is the reduced mass of the heavy meson pair. The constant value in
the right hand side of the relation is the same for the decays of Υ(4S)→ B+B−, B∗+c (3S)→ B
+D0
and ψ(3770)→ D+D−, where µBB = MΥ(4S)/4, µDD = Mψ(3770)/4.
In Section II we consider the sum rules for the mesonic currents. In Section III the scaling
relation is derived and numerical estimates are performed. In the Conclusion the obtained results
are summarized.
II. SUM RULES
Let us consider the vector current of mesons
JBDµ (x) =
i
2
[B+(x) · ∂µD
0(x)− ∂µB
+(x) ·D0(x)]
and define the contribution of this current into the leptonic fBD constant of the vector (b¯c)-
quarkonium lying above the BD-threshold
ifBDMǫ
(λ)
µ e
ipx = 〈0|J†BDµ (x)|V(b¯c), λ〉 , (1)
where λ is the polarization of the V(b¯c) state, ǫ
(λ)
µ is its vector of polarization, p is the V(b¯c) momentum,
p2 = M2.
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Further, introduce the F form factor for the transversal interaction of the BD pair with the vector
Aµ current due to the vertex
LtrJA = F(q
2) Aµ · k
µ , (2)
where q = pB+pD, pB,D are the momenta of the meson lines directed out the vertex, and pB = qB+k,
pD = qD − k, qB,D · k = 0. Thus, one has(
gµν −
qµqν
q2
)
〈0|J†BDν (0)|B
+(pB)D
0(pD)〉 = i F(q
2) kµ .
Consider the transversal part of the current correlator,
ΠtrJJ (q
2) =
1
3
(
−gµν +
qµqν
q2
)∫
d4xeiqx〈0|T J†BDµ (x)J
BD
ν (0)|0〉 .
One can isolate the contribution of the resonance lying above the kinematical threshold of the BD
pair, so that
ΠtrJJ(q
2) =
f2BDM
2
M2 − q2
+
∫ ∞
sth
ds
s− q2
ρ(s) ,
where ρ(s) is the density of the nonresonant contribution. On the other hand, the form factor in
(2) determines the value
ℑmΠtrFF(q
2) =
1
8π
|k|3
3
√
q2
F2(q2) , (3)
where |k|2 = −k2 = (q2 + m2B − m
2
D)
2/(4q2) − m2B . Write down the sum rules for the mesonic
currents
ΠtrJJ(q
2) =
1
π
∫ ∞
si
ds
s− q2
ℑmΠtrFF(s) ,
where si = (mB + mD)
2. One can consider the following model for the continuum density in the
form
ρ(s) =
1
π
ℑmΠtrFF (s) θ(s− sth) .
Then the sum rules are given by the following expression
f2BDM
2
M2 − q2
=
1
π
∫ sth
si
ds
s− q2
ℑmΠtrFF(s) . (4)
The value of the continuum threshold is determined by the energy of new channels in the particle
production by the Jµ current. As was shown in [10] for the Υ(4S)→ B
+B− and ψ(3770)→ D+D−
decays, this value is given by the threshold of production of the vector B∗+B∗− and D∗+D∗− states,
so that we suppose
sth = (mB∗ +mD∗)
2 .
Define
v2(s) = 1−
4mBmD
s− (mB −mD)2
.
Then one has v2th ≪ 1.
Further, the consideration of the F form factor in a model for the B+B− and D+D− currents
[10] resulted in the fact that relation (4) and its initial four derivatives over q2 at q2 = 0 give the
stable value of f with the accuiracy of 5% to 25%, correspondingly. Allowing for the mentioned
region of applicability (the number of the spectral density moment is less than 5), one can transform
the integration in (4) to the variable of v2(s) and suppose q2 = 0 and F(s) ≈ F(si) = F . Then at
v2th ≪ 1 and |k| ≈ 2µBDv, one has
f2BD ≈
1
π
∫ vth
0
dv2 · v3
(
4µBD
M
)4
F 2
64π
M2
3
.
So
fBD =
FM
4π
(
4µBD
M
)2√
v5th
30
. (5)
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Introduce the transversal vertex of the V(b¯c) state decay to the B
+D0 pair
Lg = g ǫ
(λ)
µ · k
µ . (6)
Vertex (6) results in the imaginary part of the fBD constant, so that ℑmfBD(q
2) → 0 at q2 → si,
and, hence, ℑmfBD ≪ ℜefBD. Using the vector dominance, one can easily get the relation between
ℑmfBD and the transversal correlator determined by the ǫ
(λ)
µ current of decay and the mesonic
current of Jν [10]
ℑmΠtrFg(q
2) = −
M
2
ℑmfBD ,
where ℑmΠtrFg coincides the expression in (3) with the substitution F
2 → Fg. Then the dispersion
relation for the fBD function at q
2 = si = (mB +mD)
2 gives
fBD =
1
16π2
Fg
9
(
4µBD
M
)3
Mv3th , (7)
Comparing (5) with (7), one finds
g =
(
M
4µBD
)
12π
√
3
10vth
. (8)
III. SCALING RELATION AND NUMERICAL ESTIMATES
As has been mentioned, the vth value is determined by the threshold of production of the vector
excitations for the heavy mesons, B∗+ and D∗0, so
v2th ≈
1
2µBD
(∆mB +∆mD) ,
where ∆mB = mB∗ −mB, ∆mD = mD∗ −mD. In the Heavy Quark Effective Theory (see review
in [11]), one has
mB∆mB = mD∆mD = const. ,
independently of the heavy quark flavor with the accuracy up to corrections over ΛQCD/mB,D.
Hence, one gets
vth · µBD = const. (9)
Using (9) and (8), one can easily obtain the scaling relation for the decay constant of the heavy
vector quarkonium with the mass mB +mD < M < mB∗ +mD∗
g2
M
(
4µBD
M
)
= const. (10)
Relation (10) is in a good agreement with the experimenal data on the ratio of constants for the
decays of Υ(4S) → B+B− and ψ(3770) → D+D−, where one has the accuracy of ∆g ≃ 3 (see
table I). Note, that the estimate due to (8) giving gΥBB¯ = 57 agrees the experimental value taken
as the input parameter for the scaling relation. The latter fact points out the self-consistency of
the method resulting in (10). As for the accuracy of the scaling relation, it is determined by the
uncertainty in the sum rules, where eq.(8) has been derived. Remember, that the stability of the f
constant calculation over the initial 5 moments of the spectral density changes from 5% for Υ(4S) to
25% for ψ(3770) with the decrease of the vector state mass. This must be included in the systematic
uncertainty of the method used. We evaluate ∆g/g ∼ 15− 20% for B∗+c (3S), so that
gBcBD = 49± 8 .
The decay width is determined by the expression
Γ(B∗+c (3S)→ B
+D0) =
1
24π
g2
|k|3
M2
≈ 90± 35 MeV. (11)
We assume that the channel of decay to B∗D can be neglected, since it is suppressed by the third
power of the momentum of the decay final states due to the greater mass of B∗ in comparison with
3
the B mass. Then taking into account the channel B0D+, the total width of B∗+c (3S) is equal to
Γtot = 180 ± 70 MeV. We have supposed M(B
∗+
c (3S)) = 7.250 GeV [5] in the numerical estimate
of (11). Note, that the width strongly depends on the difference of masses, ∆M = M − (mB +mD)
determining |k|. At the used value of the quarkonium mass, one has ∆M ∼ 110 MeV, which differs
from ∆M ∼ 30 MeV for the decays of Υ(4S) → B+B− and ψ(3770) → D+D−. The larger phase
space results in the fact that the total B∗+c (3S) width is one order of magnitude greater than the
total widths of Υ(4S) and ψ(3770) having Γtot ≃ 24 MeV.
IV. CONCLUSION
In this paper we have considered the sum rules for the mesonic currents. These sum rules allow
one to determine the coupling constant of the heavy vector (b¯c)-quarkonium decaying to the heavy
meson pair,
g =
(
M
4µBD
)
12π
√
3
10vth
,
where mB+mD < M < mB∗ +mD∗ . The value of vth determining the threshold of the nonresonant
contribution into the transversal correlator of currents, is given by the mass splitting between the
vector and pseudoscalar states of heavy mesons, and it possesses the definite scaling property, so
that one has derived the relation
g2
M
(
4µBD
M
)
= const. ,
which is in a good agreement with the experimental data on the constants of decays of Υ(4S) →
B+B− and ψ(3770) → D+D−. The numerical estimate of the B∗+c (3S) → B
+D0 decay width
strongly depends on the mass difference ∆M = M − (mB +mD) determining the phase space, so
that at M(B∗+c (3S)) = 7.250 GeV one has found Γ = 90± 35 MeV.
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